Two basic properties of the set of all probability measures on the set of quantum states and their corollaries are considered. Several applications of these properties to analysis of functional constructions widely used in quantum information theory are discussed.
Introduction
The notion of an ensemble as a collection of quantum states with corresponding probability distribution is widely used in quantum information theory. In particular, several important characteristics such as the Holevo capacity of a quantum channel and the Entanglement of Formation of a state of a composite quantum system are defined by optimization of the particular functionals depending on ensemble of quantum states [4, 12, 17] .
An ensemble of quantum states can be considered as an atomic probability measure on the set of all quantum states, whose atoms correspond to the states of the ensemble. So, it is natural to consider an arbitrary Borel probability measure on the set of all quantum states as a generalized ensemble. This point of view is especially useful in dealing with infinite dimensional quantum channels and systems, since in this case it is necessary to consider continuous ensembles of states, t.i. families of states indexed by a real valued parameter [13] . One of the advantages of this approach is based on possibility to use general results of the theory of probability measures on complete separable metric spaces [5, 19] .
In this paper we focus attention on the following two basic properties of the set of all probability measures on the set of quantum states endowed with the weak convergence topology:
• compactness of a subset of probability measures, whose barycenters form compact subset of states;
• openness of the barycenter map and of its restrictions to the subsets of measures supported by states with bounded maximal rank.
In fact, these properties, described in detail in Section 3 and 4, reflect the special relations between the topology and convex structure of the set of quantum states. The first of them can be considered as a kind of weak compactness since it provides generalization to the set of quantum states of several results well known for compact convex sets. The second one shows roughly speaking that any small perturbation of the average state of an ensemble of quantum states can be realized by appropriate small perturbations of the states of this ensemble, it gives possibility, in particular, to prove preserving of upper semicontinuity of a function under taking the convex closure and the convex roof (typical operations of convex analysis).
Several applications of the above properties are considered in Section 5.
Preliminaries
Let H be a separable Hilbert space, B(H) -the set of all bounded operators in H with the cone B + (H) of all positive operators, T(H) -the Banach space of all trace-class operators with the trace norm · 1 and S(H) -the closed convex subset of T(H) consisting of all positive operators with the unit trace -density operators in H, which is complete separable metric space with the metric defined by the trace norm. Each density operator uniquely defines a normal state on B(H) [7] , so, in what follows we will also for brevity use the term "state". Let S k (H) be the subset of S(H) consisting of states with rank ≤ k ∈ N. In particular, S 1 (H) is the set of all pure states -one-dimensional projectors.
We denote by co(A) and co(A) the convex hull and the convex closure of a set A. The set of all extreme points of a convex set A will be denoted extrA.
Let C(A) be the set of all continuous bounded functions on a set A.
For an arbitrary function f on the set S(H) we denote by cof and cof its convex hull (defined as the maximal convex function majorized by f ) and its convex closure (defined as the maximal convex lower semicontinuous function majorized by f ) correspondingly [15] .
For an arbitrary closed subset A of S(H) let P(A) be the set of all Borel probability measures on A endowed with the topology of weak convergence [5, 19] . Since A is a complete separable metric space, P(A) can be considered as a complete separable metric space as well [19] . Let P a (A) and P f (A) be the subsets of P(A) consisting of atomic measures with countable and finite number of atoms correspondingly.
An atomic measure in P(A) consisting of the atoms {ρ i } ⊂ A with the corresponding weights {π i } will be denoted {π i , ρ i }. From the physical point of view it can be interpreted as a discrete ensemble of quantum states while an arbitrary measure in P(A) -as a continuous ensemble.
The barycenter of a measure µ ∈ P(A) is the state in co(A) defined by the Bochner integral
For an arbitrary subset B of co(A) we denote by P B (A) the subset of P(A) consisting of measures with the barycenter in B.
Compactness criterion and its corollaries
The set P(S(H)) is compact if and only if dim H < +∞ (since the set S(H) is compact if and only if dim H < +∞). But in the case dim H = +∞ the following compactness criterion for subsets of P(S(H)) can be proved by using Prokhorov's theorem [13, Proposition 2] . Theorem 1. The set P A (S(H)) ⊂ P(S(H)) is compact if and only if the set A ⊂ S(H) is compact.
The property stated in Theorem 1 is not purely topological but it reflects the particular relation between the topology and the convex structure of the set S(H) (the convex structure is involved in the definition of the barycenter of a probability measure). This property is studied in [22] in the context of arbitrary closed complete metrizable bounded subsets of a separable locally convex topological space, where it is called the µ-compactness property. It turns out that µ-compact convex sets (in particular, the set S(H)) inherit several well known properties of compact convex sets such as the Choquet theorem of barycentric representation, lower semicontinuity of the convex hull of any continuous bounded function, etc.
Note first the following two versions of the Choquet decomposition for closed convex subsets of S(H) (see [22, Proposition 5] and [24, Lemma 1]). Corollary 1. A) Let A be a closed convex subset of S(H). Then every state in A can be represented as the barycenter of some Borel probability measure supported by the closure of extrA. B) Let A be a closed subset of S(H). Then every state in co(A) can be represented as the barycenter of some Borel probability measure supported by the set A.
Corollary 1B shows, in particular, that extr(co(A)) ⊆ A for an arbitrary closed subset A ⊆ S(H), t.i. no extreme points can appear by taking closure of a convex hull of a closed subset of quantum states.
1
For an arbitrary state ρ in S(H) the set P f {ρ} (S(H)) is a dense subset of P {ρ} (S(H)) [13, Lemma 1] . By using Theorem 1 this simple result can be strengthened as follows [24, Lemma 5] .
Corollary 2. For an arbitrary state ρ ∈ S(H) and natural k the set P a {ρ} (S k (H)) is a dense subset of P {ρ} (S k (H)).
This means that any probability measure supported by the set of states of rank ≤ k can be weakly approximated by some sequence of atomic measures -countable ensembles of states of rank ≤ k with the same barycenter.
An important implication of the compactness criterion in Theorem 1 is contained in the following assertion [24, Lemma 2A] .
Corollary 3. Let f be a lower semicontinuous lower bounded function on a closed subset A of S(H). Then the convex functioň
1 This does not hold in general for closed subsets of a noncompact set. Indeed, let
be an orthonormal basis in a Hilbert space, then it is easy to see that 0 ∈ extr(co(A)).
is lower semicontinuous on the set co(A).
2 For an arbitrary state ρ in co(A) the infimum in the definition of the valuef A (ρ) is achieved at a particular measure in P {ρ} (A).
It is well known that for an arbitrary increasing sequence {f n } of continuous functions on a convex compact set A the corresponding sequence {cof n } pointwise converges to the function cof 0 , where f 0 = sup n f n .
3 It turns out that the compactness criterion in Theorem 1 implies (in fact, means, see Remark 1 below) the analogous observation for the noncompact set A = S(H) [23, Proposition 6].
Corollary 4.
For an arbitrary increasing sequence {f n } of lower semicontinuous lower bounded functions on the set S(H) and an arbitrary converging sequence {ρ n } of states in S(H) the following inequality holds
In particular,
Remark 1. The compactness criterion in Theorem 1 can be derived from validity of the last assertion of Corollary 4 for any increasing sequence {f n } ⊂ C(S(H)) converging to a function f 0 ∈ C(S(H)) [23] .
Openness of the barycenter map
The barycenter map
is a continuous surjection [13] . An important property of this map is presented in the following theorem (see Section 3 in [24] ).
2 Correctness of the definition of this function follows from Corollary 1.
3 If f 0 is a continuous function then this follows from Dini's lemma. The importance of the compactness condition can be shown by the sequence of the functions f n (x) = exp(−x 2 /n) on R, converging to the function f 0 (x) ≡ 1, such that cof n (x) ≡ 0 for all n.
Theorem 2.
A) The barycenter map (1) and its restriction to the set P a (S(H)) are open surjections.
B) The restrictions of the barycenter map (1) to the sets P(S k (H)) and
Physically openness of the map
means, roughly speaking, that any small perturbation of the average state of a given continuous (correspondingly, of discrete) ensemble of states can be realized by appropriate small perturbations of the states of this ensemble. By the µ-compact generalization of the Vesterstrom-O'Brien theorem ([22, Theorem 1]) this property is equivalent to the following ones:
• cof = cof ∈ C(S(H)) for any concave function f ∈ C(S(H));
• cof = cof ∈ C(S(H)) for any function f ∈ C(S(H)).
According to the terminology accepted in the convex analysis (cf. [10, 18] ) the first of the above properties can be called stability of the set S(H). It is essential that the first assertion of Theorem 2 can be deduce from stability of the set S(H) without using µ-compactness of this set.
The second assertion of Theorem 2 shows that any small perturbation of the average state of a given (discrete or continuous) ensemble can be realized by appropriate small perturbations of the states of this ensemble without increasing of the maximal rank of these states. In [24] it is called the strong stability property of the set S(H).
Theorem 2 and Lemma 2B in [24] imply the following observation.
Let f be a lower semicontinuous lower bounded function on the set A. Then the concave functionf
is lower semicontinuous on the set S(H). The supremum in the definition of the valuef A (ρ) can be taken over the set P f {ρ} (A) if A = S(H) and over the set P
The last assertion of this corollary follows form lower semicontinuity of the functional µ → A f (σ)µ(dσ) used with Lemma 1 in [13] if A = S(H) and with Corollary 2 if A = S k (H). It shows that
where * = f if A = S(H) and * = a if A = S k (H).
Applications

Approximation of concave and convex lower semicontinuous functions
It is well known that any lower semicontinuous lower bounded function on a metric space A can be represented as a pointwise limit of incresing sequence of continuous bounded functions [2] . The µ-compactness and stability of the set S(H) (expressed in Theorems 1 and 2A respectively) imply the following assertion.
Proposition 1. Let f be a concave (corresp. convex) lower semicontinuous lower bounded function on S(H). Then f = sup n f n , where {f n } is a nondecreasing sequence of concave (corresp. convex) functions in C(S(H)).
Proof. Let f be a concave function and {g n } be a nondecreasing sequence in C(S(H)) such that f = sup n g n . Let f n be a concave hull of g n (that is f n = −co(−g n )). By µ-compactness and stability of the set S(H) and the generalized Vesterstrom-O'Brien theorem (Theorem 1 in [22] ) the sequence {f n } belongs to the set C(S(H)). Since g n ≤ f n , we have f = sup n f n .
Let f be a convex function and {g n } be a nondecreasing sequence in C(S(H)) such that f = sup n g n . Let f n be a convex hull of g n . By µ-compactness and stability of the set S(H) and the generalized Vesterstrom-O'Brien theorem (Theorem 1 in [22] ) the sequence {f n } belongs to the set C(S(H)). By Corollary 4 we have f = sup n f n .
Several results concerning the Choquet ordering
Consider the following partial ordering on the set P(S(H)). We say that µ ≻ ν if and only if
for any convex function f in C(S(H)). This partial ordering is often called the Choquet ordering [20] . It coincides with some others partial orderings on the set P(S(H)), in particular, with the delation ordering [6, 11] .
Note first the following simple corollary of Proposition 1.
Lemma 1. Let µ and ν be measures in P(S(H)) such that µ ≻ ν. Then inequality (2) holds for any convex function f on the set S(H), which is either lower semicontinuous or upper semicontinuous and upper bounded.
To derive this assertion from Proposition 1 it suffices to note that any convex lower semicontinuous function on the set S(H) is either lower bounded or does not take finite values (see Lemma 2 in [23] ) and to use the monotone convergence theorem.
It is easy to see (by considering affine continuous functions on S(H)) that the relation µ ≻ ν implies b(µ) = b(ν).
Intuitively speaking, the relation µ ≻ ν means that "the mass of µ is removed farther away from the common barycenter of µ and ν, and comes close to the extreme boundary" [1] . Note that the extreme boundary (the set of extreme points) of the set S(H) coincides with the set of all pure states (states of rank 1) and that for an arbitrary subspace H 0 of the space H the subset S(H 0 ) is a face of the set S(H) [15] . Thus the above characterization of the partial ordering " ≻ " is confirmed by the following observations. Proposition 2. Let µ and ν be arbitrary measures in P(S(H)) such that µ ≻ ν. Then
Proof. The first assertion of the proposition for any closed subset A follows from Lemma 1, since the indicator function of this set is obviously convex and upper semicontinuous. To complete its proof it suffices to note that every measure in P(S(H)) is a Radon measure.
The second and the third assertions also follow from Lemma 1, since the indicator functions of the sets S(H 0 ) and S k (H) are also convex and upper semicontinuous.
According to [20] a measure µ in P(S(H)) is called maximal if ν ≻ µ implies ν = µ for any measure ν in P(S(H)).
Corollary 6. The set of all maximal measures in P(S(H)) coincides with P(S 1 (H)).
For every measure µ in P(S(H)) there exists a measureμ in P(S 1 (H)) such thatμ ≻ µ.
Proof. The assertions of this corollary can be deduced from general results of the theory of measures on convex sets [6, 11] , but we want to show that the above-stated properties of the set P(S(H)) provide a very simple and constructive way of their proof.
Let µ be an arbitrary measure in P(S 1 (H)). By Proposition 2 the assumption ν ≻ µ for some measure ν in P(S(H)) implies ν(A) ≥ µ(A) for any Borel set A of pure states. Since µ and ν are probability measures and µ is supported by pure states, equality necessarily holds in the above inequality, and hence µ = ν. Thus µ is a maximal measure in P(S(H)).
If µ is a maximal measure in P(S(H)) then, by the below observation, there exists a measureμ in P(S 1 (H)) such thatμ ≻ µ and hence µ =μ.
Let µ be an arbitrary measure in P(S(H)). By Lemma 1 in [13] there exists a sequence {µ n } of measures in P f {b(µ)} (S(H)) converging to the measure µ. Decomposing each atom of the measure µ n into a convex combination of pure states we obtain (as in the proof of the Theorem in [13] ) the measurê µ n with the same barycenter supported by pure states. It is easy to see that µ n ≻ µ n . By Theorem 1 the sequence {μ n } n>0 is relatively compact and hence it contains a subsequence {μ n k } converging to a particular measureμ supported by pure states. Sinceμ n k ≻ µ n k for all k, the definition of the weak convergence impliesμ ≻ µ.
On convex (concave) envelopes of a function
The convex closure 4 cof of a function f on a convex topological space X is defined as the maximal closed (lower semicontinuous) convex function on X majorized by f and generally does not coincide with the convex hull cof of the function f defined as the maximal convex function on X majorized by f [1, 15] . These notions (in the case X = S(H)) play essential roles in quantum information theory, since they are involved (sometimes implicitly) in definitions of several important characteristics of quantum systems and channels [3, 4, 13] .
In this subsection we present several results concerning the notions of a convex closure and of a convex hull of a function defined on the set S(H). All these results are based on the following general observations.
Proposition 3. Let f be a lower bounded lower semicontinuous function on the set S(H).
A) The functionš
are lower semicontinuous on the set S(H).
B)
For an arbitrary state ρ ∈ S(H) there exists a measure µ f ρ ∈ P {ρ} (S(H)) at which the infimum in the definition of the valuef (ρ) is achieved. If f is a concave function then the measure µ f ρ can be chosen in P {ρ} (S 1 (H)). C) The functionf coincides with the convex closure cof of the function f , while the functionf -with the concave hull 5 of the function f , that iŝ
Proof. Assertion A, the first part of B and the second part of C follow from Corollaries 3 and 5.
If f is a concave function then optimality of the measure µ f ρ implies optimality of any measure ν ∈ P {ρ} (S 1 (H)) such that ν ≻ µ f ρ by Lemma 1 (existence of such measure ν follows from Corollary 6).
Since the convex functionf is lower semicontinuous, the definition of the convex closure impliesf (ρ) ≤ cof (ρ) for all ρ in S(H) . Since cof is a convex lower semicontinuous function majorized by f , Jensen's inequality implies
for all ρ in S(H). It follows thatf = cof .
Remark 1. The analogies of assertion B and of the second part of C in Proposition 3 do not hold for the functionsf andf correspondingly.
It is easy to construct a bounded lower semicontinuous function f and a state ρ 0 such that the supremum in the definition of the valuef (ρ 0 ) is not achieved. Indeed, let
ρ is a pure state be a lower semicontinuous bounded function and ρ 0 = V t |ψ ψ|V * t dt tends to the pure state |ψ ψ| and hence f (ρ δ ) tends to 1 as δ → +0.
To show that the infimum in the definition of the valuef (ρ) can not be taken over the set P f {ρ} (S(H)) one can consider the von Neumann entropy H(ρ) = −Trρ log ρ (is easy to see that coH =Ȟ ≡ 0 while coH(ρ) = +∞ for any state ρ with H(ρ) = +∞, since the set of states with finite entropy is convex).
If f is a continuous bounded function on the set S(H) then Proposition 3 can be applied to the functions f and −f simultaneously resulting in the following observation (which also directly follows from the generalized Vesterstrom-O'Brien theorem described in Section 4).
Corollary 7. Let f be a continuous bounded function on the set S(H).
The convex hull cof and the convex closure cof of the function f coincide and the function cof = cof is continuous on the set S(H).
Coincidence of cof and cof holds for any continuous function f on a convex set X if this set is compact [1, Corallary I.3.6] or at least µ-compact [22, Corallary 2], but it does not hold in general [22, Example 1] . Continuity of the function cof = cof is a corollary of stability of the set S(H), since even in R 3 there exist a convex compact set X and a continuous function f on X such that the function cof = cof is not continuous on X [8] .
As mentioned at the end of Remark 1 cof = cof if the function f is only lower semicontinuous and lower bounded.
On functions obtained via the generalized convex (concave) roof construction
In the case dim H < +∞ the convex (concave) roof extension to the set S(H) of a function f on the set S 1 (H) = extrS(H) of pure states is defined at a mixed state ρ as the minimal (maximal) value of i π i f (ρ i ) over all decompositions ρ = i π i ρ i of this state into finite convex combination of pure states [25] . This extension is widely used in quantum information theory, in particular, in construction of entanglement monotones [21] . The convex (concave) roof extension has two natural generalizations to the case dim H = +∞ called in [23] the σ-convex (concave) roof and the µ-convex (concave) roof correspondingly (the first extension is defined via all decompositions of a state into countable convex combination of pure states while the second one -via all "continuous" decompositions corresponding to Borel probability measures on the set of pure states with given barycenter). In [23] it is shown that it is the µ-convex roof that should be used for construction of entanglement monotones in infinite dimensions. For a given Borel function f on the set S k (H) of states of rank ≤ k one can consider the generalized µ-convex (concave) roof defined at a state ρ as the infimum (supremum) of f (σ)µ(dσ) over all measures in P {ρ} (S k (H)) [24] . The µ-compactness and strong stability of the set S(H) (expressed in Theorems 1 and 2B respectively) imply the following observations concerning properties of the generalized µ-convex (concave) roof. A) The functionš
B)
For an arbitrary state ρ in S(H) there exists a measureμ f ρ in P {ρ} (S k (H)) at which the infimum in the definition of the valuef k (ρ) is achieved.
C) The functionf k can be defined as followŝ
The all assertion of this proposition follow from Corollaries 3 and 5.
Remark 2. The analogies of the assertions B and C in Proposition 4 do not hold for the functionsf k andf k correspondingly.
Below we construct a bounded lower semicontinuous function f on the set of pure states and a state ρ 0 such that the supremum in the definition of the valuef 1 (ρ 0 ) is not achieved.
Let A s be the set of pure product states in S(H ⊗ H) and ρ 0 ∈ co(A s ) be the separable state in S(H ⊗ H) constructed in [14] such that any measure with the barycenter ρ 0 has no atoms in the set A s . Let
It is easy to see that the function f is bounded and lower semicontinuous on the set S 1 (H ⊗ H). Since f (ρ) < 1 for all ρ in S 1 (H ⊗ H) to show that the supremum in the definition of the valuef 1 (ρ 0 ) is not achieved it is sufficient to show thatf 1 (ρ 0 ) = 1. By Corollary 1 there exists a measurê µ 0 (purely nonatomic) supported by the set A s such that b(μ 0 ) = ρ 0 . By Corollary 2 there exists a sequence {μ n } of measures in P a {ρ 0 } (S 1 (H ⊗ H)) weakly converging to the measureμ 0 . Since by Lemma 2 in the Appendix the bounded function g(ρ) = sup σ∈As Trρσ is continuous on the set S(H ⊗ H), the definition of weak convergence implies
By the construction of the state ρ 0 for each n all atoms of the measureμ n lie in S 1 (H ⊗ H) \ A s and hence
This and (3) implyf 1 (ρ 0 ) = 1.
To show that the infimum in the definition of the valuef 1 (ρ) can not be taken over the set P a {ρ} (S 1 (H)) consider the indicator function χĀ s of the setĀ s = S 1 (H ⊗ H) \ A s , where A s is the set of pure product states in S(H ⊗ H) and ρ 0 ∈ co(A s ) is the separable state described in the above example. It is easy to see that the bounded function χĀ s is concave and lower semicontinuous on the set S 1 (H ⊗ H). We have
since by the construction of the state ρ 0 each countable convex decomposition of this state does not contain states from A s .
If f is a continuous bounded function on the set S k (H) then Proposition 4 can be applied to the functions f and −f simultaneously resulting in the following observation.
Corollary 8. Let f be a continuous bounded function on the set S k (H), k ∈ N. Then the functionsf k andf k , introduced in Proposition 4, are continuous on the set S(H) anď
for any state ρ ∈ S(H).
The case
Corollary 8 with k = 1 implies, in particular, the following observation, which is nontrivial since the set S(H) is not compact (cf. Example 1 in [22] ).
Corollary 9.
An arbitrary continuous bounded function on the set S 1 (H) can be extended to convex (concave) continuous bounded function on the set S(H).
Corollary 8 also implies the following criterion of continuity of a convex closure of concave functions.
Corollary 10. Let f be a concave lower bounded lower semicontinuous function on the set S(H). The convex closure cof of the function f is bounded and continuous on the set S(H) if and only if the function f has bounded and continuous restriction to the set S 1 (H) = extrS(H). In this case cof (ρ) = inf
Proof. By the condition Proposition 3B implies cof =f 1 . If the function f is bounded and continuous on the set S 1 (H) then by Corollary 8 the function cof =f 1 is bounded and continuous on the set S(H).
The converse assertion is trivial, since the functions f and cof =f 1 coincide on the set S 1 (H).
Corollary 8 gives a criterion of continuity of a convex closure of the output entropy H Φ = H • Φ of a quantum channel Φ, which is an important characteristic of this channel related, in particular, to its classical capacity.
Proposition 4 and Corollary 8 with k = 1 play an essential role in an infinite dimensional generalization of the convex roof construction of entanglement monotones considered in [23] .
The case k ∈ N.
Corollary 8 provides a special approximation technique for concave lower semicontinuous lower bounded functions on the set S(H) proposed in [24] and briefly described below.
Let f be a concave lower semicontinuous lower bounded function on the set S(H) having continuous restrictions to the set S k (H) for each k ∈ N. As a simple nontrivial example of such function one can consider the Renyi entropy of order p ∈ (0, 1], in particular, the von Neumann entropy.
By Corollary 8 the sequence {f k } consists of continuous concave bounded functions on the set S(H) such that
(these relations are obtained by means of Jensen's inequality).
By lower semicontinuity of the function f the increasing sequence {f k } pointwise converges to the function f , t.i. f = sup kfk [24, Section 4] . The sequence {Ĥ k } can be used to obtain necessary and sufficient conditions for local continuity of the von Neumann entropy by exploiting well known relations between uniform convergence of an increasing sequence of continuous functions and continuity of the limit function [24] . Applicability of these conditions is based on possibility to express the difference H −Ĥ k via the relative entropy:
Properties of the function ρ → ∆ k (ρ) is studied in detail in [24, Lemma 8] .
The sequence {Ĥ k } can be also used to construct an increasing sequence of continuous entanglement monotones providing approximation of the Entanglement of Formation [23, Section 6.3]. Lemma 2. The function g A is convex and continuous on the set S(H).
Proof. Convexity and lower semicontinuity of the function g A follows from its representation as the least upper bound of the family {Trρσ} σ∈A of bounded continuous affine functions on S(H).
